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On the existence of {H, A) -stable sheaves on K3 or abehan 

surfaces 
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Abstract 



m 
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■ We give an existence result on {H, >l)-stable sheaves on a K3 or abelian surface X with 

^ ' primitive triple of invariants (rank, first Chern class, Euler characteristics) in the integral coho- 

D mology lattice. Such a result yields the existence of singular projective Q-factorial symplectic 
terminalisations of certain moduli spaces of sheaves on X that are Gieseker semistable with 

' respect to a nongeneral ample divisor. 

(N ■ 

o 
< 



1 Introduction 



After the paper |KLS06) has appeared, the hope to construct new examples of irreducible (holo- 
morphically) symplectic manifolds out of moduli spaces of sheaves on K3 or abelian surfaces almost 
died: the authors showed that in general, i.e. for general ample divisors, there is no symplectic 
J2 , resolution of these moduli spaces except for the nonsingular and O'Grady-like cases. In |Zowl2) I 

investigated the case of a nongeneral ample divisor. In particular, I could exclude the existence of 
new examples of projective irreducible symplectic manifolds lying birationally over components of 
the moduli spaces of one-dimensional semistable sheaves on K3 surfaces, and over components of 
^ , many of the moduli spaces of two-dimensional sheaves on K3 surfaces, in particular, of those for 

CO ' rank two sheaves. 

In order to answer the question of symplectic resolvability, as explained in jZowl2j , constructing 
a projective Q-factorial symplectic terminalisation M — M of a component M of the moduli space, 
i.e. a symplectic Q-factorial projective variety M with at most terminal singularities together with 
a projective birational morphism f : M ^ M, yields the following facts: 



(1) If M can be chosen to be an irreducible symplectic manifold then M is unique up to defor- 
mation by a result of Huybrechts |Huy99| . 

(2) If M is singular, M admits no projective symplectic resolution by |Nam06[ Corollary 1]. 



' To be more precise we need some notation. Let X be a nonsingular projective irreducible 

■ - -' surface over C, Kx its canonical divisor, H an ample divisor on X, and E a coherent sheaf on X. 

We associate the element 

u{E) := {TkE,Ci{E),xiE)) G A(X) := No © NS(X) Z C Z) 

of sheaf invariants to E. We avoid the elegant notion of a Mukai vector in favour of keeping torsion 
inside NS(X). For an element u := (r, c, x) G we define 

A{u) := (? - 2rx + 2r^x{Ox) - rc.Kx and 
X{u,u) := x{Oxy-Mu)- 
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If E satisfies u{E) = u, then, by Riemann-Roch, its discriniinanl[3 is A(u), and 

2 

X{E, E) := e^^HE, E) = «) , 

fc=0 

where ext''{E,E) := dimExt''(ii^, i?). We will also write hom{E,F) := dimHom(i?, F) for two 
coherent sheaves E, F. We denote the moduli space of sheaves E on X with u{E) — u that 
are semistable with respect to an ample divisor on X by Mh{u) and the open subscheme of 
stable sheaves by Mfj{u). The corresponding spaces for {H, ^)-(semi)stable sheaves introduced in 
[Zowl2) are denoted by Mh,a{u) and Mfj j^[u). 

The main result of |Zowl2| on the case of positive rank was the extension of the result of 
[KLS06| to the following 

Theorem [Zowl2] 1.1. Let X he a projective K3 or abelian surface, u = {r,c,x) £ 
primitive with r > and xi^ju) > 0, m G N and H an ample divisor on X, and assume that 
Mfj{mu) is nonempty. 

(1) Let m = 1 or x(mM, mit) — 8. Then there is a projective symplectic resolution M — > 
Mfj{mu). If H is not mu-general then M can he chosen to he a symplectic resolution of 
Mn.Ai'tnu), where A is an mu-general ample divisor. 

(2) Let m > 2 and x{i^u,mu) ^8. If H is mu-general or r = 1 or > ip{r) with 
tp as in ^ZowlSi Theorem 6.5] then there is a singular Q-factorial projective symplectic 
terminalisation of Mfj (mu) , and in particular, there is no projective symplectic resolution 
of Mfj (mu) . 

The proof of (2) is based on the existence of a singular Q-factorial projective symplectic termi- 
nalisation M M H ,A{'mu) established by item 2.b.ii of |Zowl2[ Theorem 5.3] using the existence 
of an (iJ, A)-stable sheaf E with u{E) = u. This existence is ensured by the assumption of (2), 
see the proof of the above theorem in |Zowl2| . Of course, instead one can also just assume this 
existence. Our main result of this article is another existence result, which in turn implies the 
existence of a singular Q-factorial projective symplectic terminalisation as in the above theorem: 

Theorem 13.11 Let X he a projective surface with torsion canonical hundle, u £ A(X) primi- 
tive, and H and A two ample divisors on X such that H is contained in at most one wall and 
A is u-general. Then the nonemptyness of Mh,a{u) is independent of the choice of the pair {H, A). 

In particular, one has: 

Corollarv l3.2l Let X he a projective K3 or abelian surface, u G A(X) primitive with x(it, u) > ~2, 
and H and A two ample divisors on X such that H is contained in at most one wall and A is 
u-general. Then Mh,a{u) is nonempty. 

As Mh.a{u) — Mfj ^{u), in the situation of the corollary there is an (iJ, yl)-stable sheaf E with 
u{E) = u. 



Acknowledgements. The author would like to express his gratitude to Richard Thomas for his support 
and valuable discussions. Moreover, he thanks the Imperial College London for its hospitality and the 
Deutsche Forschungsgemeinschaft (DFG) for supporting the stay there by a DFG research fellowship (Az.: 
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2 Twisted and {H, ^)-stability 



In this section we recall three notions of stability of sheaves and establish a relation between 
twisted stability and {H, y4.)-stability for positive rank. In my PhD thesis [ZowlOj , this relation 
was discussed in Chapter 6 for K3 surfaces. We assume familiarity with the material presented in 
[HLlOj and use the notation therein. 

Let still X be a nonsingular projective irreducible surface over C. In this case, twisted stability 
and [H, A)-stability, which are two generalisations of Gieseker stability, have an overlap. We briefly 
recall the definitions. Therefore let H be an ample divisor on X and E a nontrivial coherent sheaf 
on X. 



(1) Gieseker stability, see e.g. in \HL1(A Section 1.2]. The Hilbert polynomial of E is PH{E){n) := 
x{E ® Ox{nH)). Its leading coefficient multiplied by (dim_E)! is called multiplicity of E 
and denoted here by (E). It is always positive, and 

x{E®Ox{nH)) 
PH{E){n) .= 

is called reduced Hilbert polynomial of E. E is said to be 7J-(semi)stable if E is pure and 
for all nontrivial proper subsheaves F C E one has that ph{F) (<) ph(E), i.e. one has 
PHiF)in) (<) PHiE)in) for n > 0. 

In order to avoid case differentiation for stable and semistable sheaves we here follow the 
Notation 1.2.5 in pLlO) using bracketed inequality signs, e.g. an inequality with (<) for 
(semi)stable sheaves means that one has < for semistable sheaves and < for stable sheaves. 

If rki? > 0, then E is _ff-(semi)stable if E is pure and for all nontrivial proper subsheaves 
F (Z E one has that hh{F) < y^uiE) and, in the case of equality, (<) Here 

Plh{E) :— ''^rifg^ slope of E (with respect to H). 

(2) Twisted stability. Let D e NS{X)q := NS(X) ® Q. We caU 



x'^iE) / ch(i?).expp).td(X) 



the D-twisted Euler characteristic of E, and we say that E is ZJ-twisted i7-(semi)stablc if 
E is pure and for all nontrivial saturated proper subsheaves F <Z E one has that 

a"{F) aH{E) 

as polynomials in n. 

If rki? > 0, then E is Z3-twisted 77- (semi) stable if E is pure and for all nontrivial proper 
subsheaves F C E one has that hh{F) < iih{E) and, in the case of equality. 



(3) {H, A) -stability as defined in IZowlSi Definition 7.1]. We only give an equivalent definition 
for sheaves of positive rank on a surface. Let A be another ample divisor on X and assume 
that ikE > 0. Then E is (i?, A)-(semi)stable if it is i/-semistable and if for any proper 
nontrivial subsheaf F C E with reduced Hilbert polynomial ph{F) — ph{E) one has that 
IJla{F) (>) ^a{E), i.e. stable corresponds to > and semistable to >. 

It is enough to restrict to saturated proper nontrivial subsheaves F d E in the definition. 
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The case of Giesekcr stability can be regained by Z? = from twisted stability and hy H = A 
from {H, yl)-stability. 

We briefly recall the notion of a general ample divisor for positive rank. The ample cone of X 
carries a chamber structure for a given triple u = (r, c, x) G of invariants. The definition 

depends on r. In the case of r = 1 we agree that the whole ample cone is the only chamber. 
For r > 1, we follow the definition in [HLlOi Section 4.C]. Let Num(X) :— Pic{X)/ =, where = 
denotes numerical equivalence, and A := A(u) > 0. 

Definition 2.1. Let 

iy(r, A) := {^-L n Amp(X)Q I C e Num(X) with - — A < ^ 0} , 

whose elements are called u-walls. The connected components of the complement of the union of 
all u-walls are called u-chambers. An ample divisor is called u-general if it is not contained in a 
u-wall. 

The set VF(r, A) is locally finite in Amp(X)Q by |HL10[ Lemma 4.C.2]. 

Let still r > 0, an ample divisor lying on exactly one u-wall W and A a w-general ample 
divisor lying in a chamber touching H . 

Definition 2.2. For a nontrivial saturated suhsheaf F <Z E of a fin-semistable sheaf E with 
u(E) — u, ^h{F) ~ ^h{E), and 

ci(f) c,{E) 
rkF ^ rk£; ' 

we call the hyperplane 

X%F) _ xHE) 



ikF vkE 



a u-miniwall. The connected components of the complement of all u-miniwalls are called u- 
minichambers^ 

In the following we omit the u-prefix as it is fixed for the whole section. 

Proposition 2.3. The number of miniwalls is finite and the miniwalls are parallel to W . For 
D,D' G NS(X)q one has that the set of D -twisted H-semistable sheaves is the same as the set 
of D' -twisted H-semistable sheaves if and only if D and D' belong to the same v-minichamber or 
v-miniwall. 

Proof. |MW971 Proposition 3.5], □ 

Lemma 2.4. Let D be contained in a minichamber and E a D-twisted H-semistable sheaf with 
u{E) = u. Then for every nontrivial saturated sub sheaf F C E with 

X^+''"iF) _ x-"+"-^(-E) 

( as polynomials in n) one has that 

TkF - TkE rkF ^ rkE ' 

Proof. Let F C E he such a nontrivial saturated subsheaf. Equating the coefficients of the above 
polynomials yields ^h{F) = finiE) and 

X^(f ) _ x'^jE) 
TkF TkE 

As D is not contained in a miniwall, one has that = and thus also — 7k§ ■ ^ 



Both notions are inspired by the work of Elhngsrud and Gottsche. 
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Lemma 2.5. Let L be in a minichamber C, L' in its closure C, and E a coherent sheaf on X 

with u{E) = u. 

(1) If E is L-twisted H-semistable then it is also L' -twisted H-semistable. 

(2) If E is L' -twisted H -stable then it is also L-twisted H-stable. 

Proof. Let F c .B be a nontrivial saturated proper subsheaf. As for iih{F) < I^h{E) one has 

rkF rkF 

(as polynomials in n) for any D G NS(X)q, we can restrict to ijlh{F) = ^h{E). We define the 
map 

'ci(F) Ci(F)\ ^ , xiF) xiE) 



f--C^Q,D^^-^^-^yD . rkF- 

If = then / is independent oi D. So let ^ Then / on the whole 

minichamber C by the definition of a minichamber. We distinguish the two cases from above. 

(1) Let F be F-twisted iJ-semistable. Then / < on C, hence / < 0. 

(2) Let F be F'-twisted if-stable. Then f{L') < 0, hence / < on an open subset containing 
L', which in turn yields / < on C. □ 

Proposition 2.6. Let L be in a minichamber C, L' in its boundary dC, and E a coherent sheaf 
on X with u{E) = u. The vector space generated by the wall W divides NS(X)q into two open half 
spaces, one of them containing L — L' . Choose A in the neighbouring chamber ofW contained in 
the other half space. Then E is L-twisted H- (semi) stable if and only if it is L' -twisted H-semistable 
and for all nontrivial saturated proper subsheaves F c F with 

AF ~ AF 
(as polynomials in n) one has that iia{F) (>) ^a{E). 

Proof. Let F C F be a nontrivial saturated proper subsheaf. As for ijlh{F) < (j.h{E) one has 

^kF ^ AF 

(as polynomials in n) for any D e NS(X)q, we can again restrict to hh{F) = ^ih{E). Then 

^nH+H^p-^ -^riH+L(^p^\ fx'^"'^^'{F) x"^"^^' 



rkF rkF / \ rkF rkF 



£ii^-^V(F-F'). (1) 
rkF rkF ) ^ ' ^ ' 



If £iM = £l(£) then 

rkB — rkF ^^^'^ 



^nH+Lf^p-j ^'^H+'^[E) x^"^'^'{F) X"^"^^' {E) 



rkF rkF rkF rkF 

and ^ia{F) = ij,a{E), so we assume 

Ci(F) Ci(F) 
rkF rkF ^ ' 

which thus defines the wall W. In particular, the sign of 

rkF rkF J ^ ' ^ 

is opposite to the sign of ij.a{F) — l-iA{E) due to the choice of A. 
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(1) Assume that E is L- twisted iJ-semistable and thus also L'-twisted iJ-semistable by Lemma 
12.51 If furthermore 

rkF ^ riTe 



then equation (HJ yields 

X"-^+^(F) x"^+^(£^) /ci(F) Ci{E) 



(L — L') 

rkF rkE \ rkF ikE ' 

which is negative, hence fiA{F) > l-tA{E). 
(2) Assume that E is L'-twisted 77-semistable, i.e. in particular 

ikF - riTe 

If one has strict inequality then by the same argument as in Lemma 12.51 one has that 

^kF ^ITe 
So let's assume equality. Then ijla{F) > ha{E) and thus 

^nH+Li^p^ ^uH+Li^p^ ^ /ci(F) Ci(E) 



rkF rkF V rkF rkF 



.(F-L')<0. □ 



The following statement, at least the part on semist ability, is already known to Matsuki and 
Wentworth, as it can be found in jMW97[ Theorem 4.1, part i]. 

Corollary 2.7. Let A be an ample divisor in a chamber touching H and L £ Pic(X) lying on a 
miniwall. The vector space generated by the wall W divides NS{X)q, into two open half spaces, 
one of them containing A. Choose D in one of the minichambers touching L such that D — L is in 
the other half space. Then a coherent sheaf E with u{E) = u is D-twisted H- (semi) stable if and 
only if E ® L is {H, A)- (semi) stable. 

Proof. Clearly a coherent sheaf F is L-twisted i7-(semi)stable if and only if E®L is i7-(semi)stable. 
Thus the claim follows from Proposition l2. Gl and the description of {H, ^)-stability at the beginning 
of this section. □ 



3 Existence of 74)-stable sheaves 

Theorem 3.1. Let X be a projective surface with torsion canonical bundle, u G A(X) primitive, 
and H and A two ample divisors on X such that H is contained in at most one wall and A is 
u-general. Then the nonemptyness of Mh.a{u) is independent of the choice of the pair {H,A). 

Proof. As a direct consequence of |Yos03[ Proposition 4.1], the nonemptyness of the moduli space 
M^{u) of F-twisted F-stable sheaves is independent of the choice of the pair {H, D) if {H, D) is 
M-general, where D is any Q-line bundle. The claim now follows from Corollarv 12.71 □ 

Hence it is enough to prove nonemptyness for one suitable special choice of ample divisors. In 
particular, one has the 

Corollary 3.2. Let X be a projective K3 or abelian surface, u G A(X) primitive with xi^^ ^ 
—2, and H and A two ample divisors on X such that H is contained in at most one wall and A 
is u-general. Then Mh.a{u) is nonempty. 

Proof. This follows from the above Theorem 13.11 as Mh{u) — Mh,h{u) is well-known to be 
nonempty for general H and x{u, u) > —2, see e.g. |KLS06] . □ 
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